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EXISTENCE AND MULTIPLICITY RESULTS ON A CLASS OF
QUASILINEAR ELLIPTIC PROBLEMS WITH CYLINDRICAL
SINGULARITIES INVOLVING MULTIPLE CRITICAL EXPONENTS
R. B. ASSUNÇÃO, W. W. DOS SANTOS, AND O. H. MIYAGAKI
Abstract. This work deals with the existence of at least two positive solutions for the class
of quasilinear elliptic equations with cylindrical singularities and multiple critical nonlinearities
that can be written in the form
− div
[
|∇u|p−2
|y|ap
∇u
]
− µ
up−1
|y|p(a+1)
= h
up
∗(a,b)−1
|y|bp∗(a,b)
+ λg
uq−1
|y|cp∗(a,c)
, (x, y) ∈ RN−k × Rk.
We consider N > 3, λ > 0, p < k 6 N , 1 < p < N , 0 6 µ < µ¯ ≡ {[k − p(a+ 1)]/p}p,
0 6 a < (k−p)/p, a 6 b < a+1, a 6 c < a+1, 1 6 q < p, p∗(a, b) = Np/[N−p(a+1−b)], and
p∗(a, c) ≡ Np/[N − p(a+ 1 − c)]; in particular, if µ = 0 we can include the cases (k − p)/p 6
a < k(N − p)/Np and a < b < c < k(N − p(a + 1))/p(N − k) < a + 1. We suppose that
g ∈ Lrα(R
N ), where r = p∗(a, c)/[p∗(a, c)− q] and α = c(p∗(a, c)− q), is positive in a ball and
that it can change sign; we also suppose that h ∈ L∞(Rk) and that it has a finite, positive limit
h0 at the origin and at infinity. To prove our results we use the Nehari manifold methods and
we establish sufficient conditions to overcome the lack of compactness.
1. Introduction and main results
In this work we study the existence of at least two positive solutions for a class of quasilinear
elliptic equations with cylindrical singularities and multiple critical nonlinearities that can be
written in the form
− div
[
|∇u|p−2
|y|ap
∇u
]
− µ
up−1
|y|p(a+1)
= h
up
∗(a,b)−1
|y|bp∗(a,b)
+ λg
uq−1
|y|cp∗(a,c)
, (x, y) ∈ RN−k × Rk. (1)
We consider N > 3, λ > 0, p < k 6 N , 1 < p < N , 0 6 µ < µ¯ ≡ {[k − p(a+ 1)]/p}p,
0 6 a < (k−p)/p, a 6 b < a+1, a 6 c < a+1, 1 6 q < p, p∗(a, b) = Np/[N−p(a+1−b)], and
p∗(a, c) ≡ Np/[N − p(a + 1 − c)]; in particular, if µ = 0 we can include the cases (k − p)/p 6
a < k(N − p)/Np and a < b < c < k(N − p(a + 1))/p(N − k) < a + 1. We suppose that
g ∈ Lrα(R
N ), where r = p∗(a, c)/[p∗(a, c)− q] and α = c(p∗(a, c) − q), is positive in a ball and
that it can change sign; we also suppose that h ∈ L∞(Rk) and that it has a finite, positive limit
h0 at the origin and at infinity.
This type of problem has some interest in the dynamics of some galaxies. In this case, the
cylindrical symmetry of the weights in the differential operator and on the nonlinearities are
motivated by the fact that some galaxies are axially symmetric; see Badiale and Tarantello [5].
Problem (1) also appears in the models of several physical phenomena related to the equilib-
rium of the temperature in an anisotropic medium which is possibly a ‘perfect insulator’ at
some points and a ‘perfect conductor’ at other points. Frequently, this problem also models
the stationary solutions for the concentration of some substance in a fluid; see Dautray and
Lions [13] and Ghergu and Rădulescu [17]. The mathematical motivations to study problem (1)
are due to the fact that this problem generalizes some types of quasilinear elliptic equations
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with the p-Laplacian operator and also presents multiple critical nonlinearities with cylindrical
weights, and this introduces several analytical difficulties regarding the proofs of existence and
multiplicity results.
In what follows we present a very brief historical sketch for this class of problems with
emphasis on existence and multiplicity results. For the Laplacian operator in bounded domains
without weights, that is, for p = 2, a = 0, b = 0, c = 0, µ = 0, q = 1 h ≡ 1, λ = 1, and
g in the dual of the function space H10 (Ω), Tarantello [29] proved the existence of at least
two solutions to problem (1). Ambrosetti, Brézis and Cerami [3] proved, among other results,
that there exists Λ > 0 such that problem (1) has at least two solutions for every λ ∈ (0,Λ),
also considering 0 < q < 1 < p 6 2N/(N − 2), g ≡ 1, and keeping the other parameters as
indicated. In the case of the problem with a spherical singularity on the critical nonlinearity,
that is, for b 6= 0, and for a homogeneous term represented by µ 6= 0, we cite Bouchekif and
Matallah [8]. For some more general cases of the functions g and h, with a = 0, b = 0, c 6= 0,
and µ = 0, we mention Abdellaoui and Peral [2]; on the other hand, for b 6= 0 and c = 0, we
cite Hsu and Lin [23]. Still in the case of problems with spherical weights for which k = N , the
functions g and h not necessarily constants but now for the p-Laplacian operator we mention
Hsu [20], who studied this class of problems with a = 0, b = 0, c = 0, and µ = 0. For these
values of the parameters but with µ 6= 0 we cite Kang, Wang and Wei [30]. Ghoussoub and
Yuan [19] also studied problem (1) with a singularity in the critical term, that is, b 6= 0, but
with the functions g ≡ 1 and h a positive constant and obtained several existence results.
Hsu [21] studied multiplicity of solutions for this same class of problems with h ≡ 1 and c 6= 0;
afterwards, Hsu and Lin [24] introduced a singularity on the operator making a 6= 0. Among
other authors that also have studied this class of problems in bounded domains and proved
existence and multiplicity results we refer the reader to Ferrero and Gazzola [14], Cao and
Han [10], Chen [12], Kang and Peng [25], Ghoussoub and Robert [18], and Hsu and Lin [22].
In the case of unbounded domains, we cite Ghergu and Rădulescu [16], who studied prob-
lem (1) for the Laplacian operator with spherical weights, that is, k = N , p = 2 and a 6= 0.
Furthermore, both authors used a hypothesis on the boundedness of the function h and its be-
havior at infinity and at the origin, as well as a hypothesis on the integrability of the function
g, without the homogeneous term, that is, with µ = 0, with a singularity on the critical non-
linearity, represented by b 6= 0, but without the singularity on the subcritical nonlinearity, that
is, with c = 0. Their multiplicity result for problem (1) was proved with the help of Ekeland’s
variational principle and the mountain pass theorem without the Palais-Smale condition. In
the case of the p-Laplacian with a = 0, b = 0, c = 0, µ = 0, and h ≡ 1 but g not necessarily
constant, we cite Cao, Li and Zhou [11]. For c 6= 0, g ≡ 1 but h not necessarily constant, we
mention Abdellaoui, Felli and Peral [1].
All the above mentioned papers involve only spherical singularities, that is, k = N . For an
example of a multiplicity result for problem (1) with cylindrical singularities we cite Bouchekif
and El Mokhtar [7], who studied problem (1) in the case 3 6 k 6 N , p = 2, a 6= 0, b 6= 0, c = 0,
µ 6= 0, q = 1 and functions g and h not necessarily constants.
Now we state a result due to Maz’ya which plays a fundamental role in our work, since it
allows the variational formulation of problem (1).
Let 1 6 k 6 N , z = (x, y) ∈ RN−k × Rk, 1 < p < N , and µ < µ¯ ≡ [(k − p(a+ 1))/p]p.
Let also a 6 b 6 a + 1 if a 6 (k − p)/p; in particular, if µ = 0 we can include the cases
(k − p)/p 6 a < k(N − p)/Np and a < b < c < k(N − p(a+ 1))/p(N − k) < a+ 1. Then there
exists a positive constant K(N, p, µ, a, b) > 0 such that(∫
RN
|u(z)|p
∗(a,b)
|y|bp∗(a,b)
dz
)p/p∗(a,b)
6 C
(∫
RN
|∇u(z)|p
|y|ap
dz − µ
∫
RN
|u(z)|p
|y|p(a+1)
dz
)
(2)
for every function u ∈ D1,pa (R
N\{|y| = 0}), where p∗(a, b) = Np/ [N − p(a+ 1− b)].
For a proof of inequality (2) in the case µ = 0 we refer the reader to the book by Maz’ya [27,
Section 2.1.6]; for the case µ 6= 0, see the paper by Secchi, Smets and Willem [28], where
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the value µ¯ ≡ [(k − p(a+ 1))/p]p is determined. Recall that in the particular case k = N ,
inequality (2) was proved by Caffarelli, Kohn and Nirenberg [9]; see also Lin [26] for an inequality
involving higher order derivatives in the case k = N .
It is worth mentioning that the optimal constant can be defined by
1
K(N, p, µ, a, b)
≡ inf
u∈D1,pa (RN\{|y|=0})
u 6≡0
∫
RN
|∇u(z)|p
|y|ap
dz − µ
∫
RN
|u(z)|p
|y|p(a+1)
dz
(∫
RN
|u(z)|p
∗(a,b)
|y|bp∗(a,b)
dz
)p/p∗(a,b) (3)
which has an independent interest.
Using the ideas from the calculus of variations, the set in which we look for solutions to
problem (1) is the Sobolev space D1,pa (R
N\{|y| = 0}) defined as the completion of C∞c (R
N),
the space of smooth functions with compact support, with respect to the norm defined by
‖u‖ ≡
(∫
RN
|∇u|p
|y|ap
dz − µ
∫
RN
|u|p
|y|p(a+1)
dz
)1/p
. (4)
It is a well known fact that D1,pa (R
N\{|y| = 0}) is a reflexive Banach space and that its ele-
ments can be identified with measurable functions up to sets of measure zero. Moreover, due to
Maz’ya’s inequality (2) the embedding D1,pa (R
N\{|y| = 0}) →֒ Lp
∗(a,b)
b (R
N) is continuous, where
L
p∗(a,b)
b (R
N) stands for the Lebesgue space Lp
∗(a,b)(RN ; |y|−bp
∗(a,b)dz) with weight |y|−bp
∗(a,b) and
norm defined by
‖u‖
L
p∗(a,b)
b
≡
(∫
RN
|u(z)|p
∗(a,b)
|y|bp∗(a,b)
dz
)1/p∗(a,b)
.
Using Maz’ya’s inequality (2) we can present a variational formulation to problem (1). In-
deed, to investigate the existence of solutions to the problem we study the existence of critical
points for the energy functional ϕλ : D1,pa (R
N\{|y| = 0}) → R, associated in a natural way to
problem (1), and defined by
ϕλ(u) =
1
p
∫
RN
|∇u|p
|y|ap
dz −
µ
p
∫
RN
|u|p
|y|p(a+1)
dz
−
1
p∗(a, b)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz −
λ
q
∫
RN
g|u|q
|y|cp∗(a,c)
dz.
(5)
It is standard to verify that its Gâteaux derivative is given by
〈ϕ′λ(u), v〉 =
∫
RN
|∇u|p−2
|y|ap
〈∇u,∇v〉 dz − µ
∫
RN
|u|p−2
|y|p(a+1)
uv dz
−
∫
RN
h|u|p
∗(a,b)−2
|y|bp∗(a,b)
uv dz − λ
∫
RN
g|u|q−2u
|y|cp∗(a,c)
uv dz
for every function v ∈ D1,pa (R
N\{|y| = 0}). Moreover, critical points of this functional are weak
solutions to problem (1).
We remark that in the case λ = 1, g ≡ 1, and h ≡ 1, if the subcritical term and its correspond-
ing cylindrical singularity do not verify the dimensional balance given by Maz’ya’s inequality,
then problem (1) does not have solution other than the trivial one. This occurs because there
is an ‘asymptotic competition’ between the energy carried by the two nonlinearities; and if one
dominates the other, then the weakest one vanishes and we do not obtain nontrivial solutions
to problem (1). For more details on this phenomenon see Filippucci, Pucci, and Robert [15] for
the case p = 2, a = 0, b = 0, and c 6= 0, Xuan and Wang [31] for the p-Laplacian operator with
spherical weights, and also Assunção, Miyagaki and Santos [4] for the general p-Laplacian op-
erator with cylindrical weights represented by a 6= 0, b 6= 0, c 6= 0 and 1 ≤ k ≤ N . In contrast,
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the parameter λ controls the perturbation of the subcritical nonlinearity and, accordingly, we
can recover the solution to the problem.
Inspired by Bouchekif and El Mokhtar [7] regarding the class of problem and by Taran-
tello [29], by Cao, Li and Zhou [11], by Ghergu and Rădulescu [16], and by Hsu [20] with
respect to the several ideas in the proofs, we also obtain an existence and a multiplicity result.
To state our first result we present additional hypotheses on the functions g and h.
(g1) The function g : R
N → R is such that g ∈ Lrα(R
N), where r = p∗(a, c)/[p∗(a, c)− q] and
α = c(p∗(a, c)− q).
(h1) The function h : R
k → R is such that h ∈ L∞(Rk).
Our existence result reads as follows.
Theorem 1.1. Consider the parameters in the already specified intervals. Suppose that the
function g 6≡ 0 verifies hypothesis (g1); suppose also that the function h 6≡ 0 is such that
h(y) > h0 > 0 for every y ∈ R
k and verifies hypothesis (h1). Then there exists Λ1 > 0
such that for every λ ∈ (0,Λ1) problem (1) has at least one positive solution in the space
D1,pa (R
N\{|y| = 0}).
In our case the standard methods cannot be applied directly to prove that the functional ϕλ
has critical points because the differential operator − div [|y|−ap|∇u|p−2∇u]−µ|y|−p(a+1)up−1 is
not uniformly elliptic. It is worth mentioning that the combination of two critical exponents
creates several difficulties in the analysis of the problem. Hence, to overcome the difficulties
that present themselves in the proofs of the results we have to make a detailed analysis of the
energy level of the Palais-Smale sequences. Since the energy functional is not bounded from
below in the space D1,pa (R
N\{|y| = 0}), to prove Theorem 1.1 we show in section 2 that the
energy functional is coercive and bounded from below in the Nehari manifold Nλ associated to
the problem. Following up, we identify an interval for the parameter λ that excludes possibly
degenerated critical points for the functional, which allows us to describe the Nehari manifold
as a disjoint union of two subsets, namely, Nλ = N
+
λ ∪ N
−
λ . Roughly speaking, these subsets
contain the critical points of minima and maxima in Nλ, respectively. After that, we define
critical levels in these components and, using the hypotheses on the functions g and h, we
can verify that these levels have different signs. We remark that this is an important step to
conclude that the solutions are nontrivial; in contrast, Bouchekif and El Mokhtar [7] obtain an
nontrivial solution promptly from the very nature of their problem. The next step is to show
the existence of Palais-Smale sequences for the energy functional at both the critical levels;
this is done through some technical lemmas which apply Ekeland’s variational principle and
the implicit function theorem. This result does not follow directly from the result by Bouchekif
and El Mokhtar [7]; therefore, in our case we have to adapt some ideas by Hsu [21]. In section 3
we conclude the proof of the theorem by showing that in fact there exists at least one solution
in N+λ and that in this case we have a critical point of local minimum in Nλ.
To state our second result we present new hypotheses on the functions g and h.
(g2) There exist ν0 > 0 and r0 > 0 such that g(z) > ν0, for every z ∈ Br0(0).
(h2) lim|y|→0 h(y) = lim|y|→∞ h(y) = h0 > 0 and h(y) > h0, for every y ∈ Rk.
Our multiplicity result reads as follows.
Theorem 1.2. Consider the parameters in the already specified intervals. Suppose that the
hypotheses (g1), (g2), (h1) and (h2) are verified. Then there exists Λ0 > 0 such that for every
λ ∈ (0,Λ0) problem (1) has at least two positive solutions in the space D1,pa (R
N\{|y| = 0}) .
The crucial step in the proof of Theorem 1.2 consists in identifying an energy level d∗λ below
which we can recover the compactness of the Palais-Smale sequences. To reach this objective we
adapt the ideas by Ghergu and Rădulescu [16] to compute some limits of sequences of integrals
involving the critical term. The next step is to establish appropriate conditions under which
this level is not exceeded for sufficiently small perturbations. The proofs of these results do not
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follow directly from the work by Bouchekif and El Mokhtar [7]; in our setting, we adapt some
ideas by Cao, Li and Zhou [11]. Finally, we conclude the proof of Theorem 1.2 by showing that
under the given hypotheses there exists at least one solution to problem (1) in N−λ ; and since
this component is disjoint from N+λ , this solution is different from the other one already proved
in Theorem 1.1.
2. Auxiliary results
We know that the functional ϕλ is not bounded from bellow in D1,pa (R
N\{|y| = 0}). There-
fore, we look for solutions to problem (1) in a subset of D1,pa (R
N\{|y| = 0}) defined by
Nλ =
{
u ∈ D1,pa (R
N\{|y| = 0}) : u 6≡ 0 and 〈ϕ′λ(u), u〉 = 0
}
and called Nehari manifold.
We claim that Nλ 6= ∅. Indeed, let the functional ψλ : D1,pa (R
N\{|y| = 0}) → R be given
by ψλ(u) = 〈ϕλ(u), u〉. Since p∗(a, b) > p, it follows that ψλ(tu) < 0 for t big enough and
ψλ(tu) > 0 for t small enough. Then there exists t > 0 such that ψλ(tu) = 0, that is, tu ∈ N .
Direct computations show that u ∈ Nλ if, and only if,∫
RN
|∇u|p
|y|ap
dz − µ
∫
RN
|u|p
|y|p(a+1)
dz −
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz − λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz = 0. (6)
We note that the Nehari manifold Nλ contains the set of solutions to problem (1), that is, the
critical points of ϕλ belong to Nλ and, as we will see in Lemma 2.2, local minimizers for ϕλ in
Nλ are critical points for ϕλ in general.
The relation (6) allows us to obtain the following equivalent expressions for the value of the
functional ϕλ(u) in an element u ∈ Nλ, namely,
ϕλ(u) =
(
1
p
−
1
p∗(a, b)
)
‖u‖p − λ
(
1
q
−
1
p∗(a, b)
)∫
RN
g|u|q
|y|cp∗(a,c)
dz (7)
= −
(
1
q
−
1
p
)
‖u‖p +
(
1
q
−
1
p∗(a, b)
)∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz. (8)
Lemma 2.1. The functional φλ is coercive and bounded from below in the Nehari manifold Nλ.
Proof. To show that the functional ϕλ is coercive in Nλ, first we consider u ∈ Nλ. Using
Hölder’s inequality and Maz’ya’s embedding, from equation (7) we get
ϕλ(u) >
(
1
p
−
1
p∗(a, b)
)
‖u‖p − λ
(
1
q
−
1
p∗(a, b)
)
‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p‖u‖q. (9)
Coercivity follows from inequality (9) together with the fact that 1 < q < p.
To show that the funcional ϕλ is bounded from below in the Nehari manifold, we define the
function f0 : R
+
∗ → R by
f0(t) ≡
(
1
p
−
1
p∗(a, b)
)
tp − λ
(
1
q
−
1
p∗(a, b)
)
‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p tq.
The minimum of f0 is f0(tmin) = −λ
p
p−qC0, where
C0 ≡
(
1−
q
p
)(
1
p
−
1
p∗(a, b)
)− q
p−q
(
1
q
−
1
p∗(a, b)
)− p
p−q
‖g‖
p
p−q
Lrα(R
N )
K(N, p, µ, a, c)
q
p−q
(
q
p
) q
p−q
.
Hence, returning to inequality (9) and using the previous result, we deduce that
ϕλ(u) > −λ
p
p−qC0. (10)
Since the function u ∈ Nλ is arbitrary, we obtain the boundedness from below of the functional
ϕλ in the Nehari manifold Nλ. 
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Thus, for u ∈ Nλ we can use the definition of the function ψλ and equation (6) to obtain the
equalities
〈ψ′λ(u), u〉 = p‖u‖
p − p∗(a, b)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz − λq
∫
RN
g|u|q
|y|cp∗(a,c)
dz (11)
= (p− q)‖u‖p − (p∗(a, b)− q)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz (12)
= −(p∗(a, b)− p)‖u‖p + λ(p∗(a, b)− q)
∫
RN
g|u|q
|y|cp∗(a,c)
dz. (13)
By the definition of the function ψλ, the subset Nλ can be written as the disjoint union of
the three subsets
N+λ ≡ {u ∈ Nλ | 〈ψ
′
λ(u), u〉 > 0} , N
−
λ ≡ {u ∈ Nλ | 〈ψ
′
λ(u), u〉 < 0} ,
N 0λ ≡ {u ∈ Nλ | 〈ψ
′
λ(u), u〉 = 0} .
Now we show that local minimizers in N+λ ∪ N
−
λ are critical points of ϕλ.
Lemma 2.2. Suppose that there exists a local minimizer u0 ∈ Nλ to the functional ϕλ and that
u0 /∈ N 0λ . Then ϕ
′
λ(u0) = 0 in
(
D1,pa (R
N\{|y| = 0})
)∗
.
Proof. If u0 ∈ N
+
λ ∪N
−
λ is a local minimizer for the functional ϕλ, then u0 solves the following
problem: to minimize ϕλ subjected to γ(u) = 0, where
γ(u) =
∫
RN
|∇u|p
|y|ap
dz − µ
∫
RN
|u|p
|y|p(a+1)
dz −
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz − λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz
is the constraint. Therefore, by the Lagrange’s multipliers theory, there exists θ ∈ R such that
ϕ′λ(u0) = θγ
′(u0). In this way,
〈ϕ′λ(u0), v〉 = θ〈γ
′(u0), v〉,
for every v ∈ D1,pa (R
N\{|y| = 0}). In particular, using v = u0 and the fact that u0 ∈ N
+
λ ∪N
−
λ ,
it follows that
0 = 〈ϕ′λ(u0), u0〉 = θ〈γ
′(u0), u0〉.
On the other hand,
〈γ′(u0), v〉 = p
∫
RN
|∇u0|p−2∇u0∇v
|y|ap
dz − µp
∫
RN
|u0|p−2u0v
|y|p(a+1)
dz
− p∗(a, b)
∫
RN
h|u0|p
∗(a,b)−2u0v
|y|bp∗(a,b)
dz − λq
∫
RN
g|u0|q−2u0v
|y|cp∗(a,c)
dz.
Using v = u0 in the previous equation together with equation (11), we find
〈γ′(u0), u0〉 = 〈ψ
′
λ(u0), u0〉 6= 0,
where in the last passage we used the fact that u0 /∈ N 0λ . We deduce that θ = 0 and, conse-
quently, that ϕ′λ(u0) = 0 in
(
D1,pa (R
N\{|y| = 0})
)∗
. The lemma is proved. 
To apply Lemma 2.2, first we have to guarantee that a local minimizer u0 ∈ Nλ does not
belong to the subset N 0λ . This is the subject of the next result.
Lemma 2.3. There exist Λ1 > 0 such that for every λ ∈ (0,Λ1) we have N 0λ = ∅.
Proof. Suppose that N 0λ 6= ∅ for some λ ∈ R and let u ∈ N
0
λ . By the definition of Nλ and by
equations (12) and (13), we obtain
‖u‖p =
p∗(a, b)− q
p− q
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz and ‖u‖p = λ
p∗(a, b)− q
p∗(a, b)− p
∫
RN
g|u|q
|y|cp∗(a,c)
dz. (14)
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From the first equation in (14), using Maz’ya’s inequality we determine(
p− q
p∗(a, b)− q
‖h‖−1L∞K(N, p, µ, a, b)
− p
∗(a,b)
p
) 1
p∗(a,b)−p
6 ‖u‖.
On the other hand, from the the second equation in (14), using Hölder’s and Maz’ya’s
inequalities we find
‖u‖ 6
(
λ
p∗(a, b)− q
p∗(a, b)− p
‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p
) 1
p−q
.
Combining these two inequalities, we get
λ > (p∗(a, b)− p)(p∗(a, b)− q)−
p∗(a,b)−q
p∗(a,b)−p (p− q)
p−q
p∗(a,b)−p‖h‖
− p−q
p∗(a,b)−p
L∞
×K(N, p, µ, a, b)−
p∗(a,b)(p−q)
p(p∗(a,b)−p)‖g‖−1
Lrα(R
N )
K(N, p, µ, a, c)−
q
p ≡ Λ1.
Hence, if λ < Λ1, then N
0
λ = ∅. We remark that the value obtained for Λ1 is not sharp. This
concludes the proof of the lemma. 
Using Lemma 2.3, for every λ ∈ (0,Λ1) we have Nλ = N
+
λ ∪N
−
λ . Now we define the infima
d ≡ inf
u∈Nλ
ϕλ(u), d
+ ≡ inf
u∈N+
λ
ϕλ(u), and d
− ≡ inf
u∈N−
λ
ϕλ(u).
Lemma 2.4. (1) If λ ∈ (0,Λ1), then d 6 d+ < 0.
(2) There exists a constant C1 = C1(λ) > 0 such that if λ ∈ (0, (q/p)Λ1), then d− > C1 > 0.
Proof. (1) Let u ∈ N+λ ; by equations (8) and (12), and by the definition of N
+
λ , it follows that
ϕλ(u) 6
(q − p)(p∗(a, b)− p)
pqp∗(a, b)
‖u‖p.
Since q < p, we conclude that d 6 d+ < 0.
(2) Let u ∈ N−λ ; then, by equation (12), by the definition of N
−
λ and by Maz’ya’s inequality,
we find
‖u‖ >
(
p− q
p∗(a, b)− q
‖u‖−1L∞K(N, p, µ, a, b)
− p
∗(a,b)
p
) 1
p∗(a,b)−p
.
Combining the previous inequality with inequality (9), we obtain
ϕλ(u) >
(
1
p
−
1
p∗(a, b)
)
(p∗(a, b)− 1)
p
p∗(a,b)−pK(N, p, µ, a, b)
p∗(a,b)
p∗(a,b)−p
− λ
(
1−
1
p∗(a, b)
)
(p∗(a, b)− 1)
p
p∗(a,b)−p‖g‖Lrα(RN ) ≡ C1(λ).
On the other hand, direct computations show that C1(λ) > 0 for λ < (q/p)Λ1. This concludes
the proof of the lemma. 
Inspired by Tarantello [29] and by Hsu [20], we prove the next results.
Lemma 2.5. Let u ∈ D1,pa (R
N\{|y| = 0}) be fixed and let the function fh : R
+
∗ → R be given by
fh(t) = t
p−q‖u‖p − tp
∗(a,b)−q
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz
The maximum of fh is such that
fh(tmax) > ‖u‖
q
(
p∗(a, b)− p
p∗(a, b)− q
)(
p− q
p∗(a, b)− q
1
‖h‖L∞K(N, p, µ, a, b)
p∗(a,b)
p
) p−q
p∗(a,b)−p
. (15)
Proof. The proof follows directly from hypothesis (h1) and from Maz’ya’s inequality. 
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Lemma 2.6. Let λ ∈ (0,Λ1) and let u ∈ D1,pa (R
N\{|y| = 0}). Then the following assertions
are valid.
(1) If
∫
RN
g|u|q
|y|cp∗(a,c)
dz 6 0, then there exists a unique number t− > tmax such that t
−u ∈ N−λ
and ϕλ(t
−u) = supt>0 ϕλ(tu).
(2) If
∫
RN
g|u|q
|y|cp∗(a,c)
dz > 0, then there exist unique numbers 0 < t+ < tmax < t
−, such that t+u ∈
N+λ and t
−u ∈ N−λ ; moreover, ϕλ(t
+u) = inf06t<tmax ϕλ(tu) and ϕλ(t
−u) = supt>0 ϕλ(tu).
Proof. (1) If
∫
RN
g|u|q
|y|cp∗(a,c)
dz 6 0 then there exists a number t− > tmax such that fh(t
−) =
λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz and f ′h(t
−) < 0; moreover, this number is unique.
Now we show that t−u ∈ Nλ. Indeed,
〈ϕ′λ(t
−u), t−u〉 = (t−)p‖u‖p − (t−)p
∗(a,b)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz − λ(t−)q
∫
RN
g|u|q
|y|cp∗(a,c)
dz
= (t−)p
(
fh(t
−)− λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz
)
= 0.
And to show that t−u ∈ N−λ , we use the equation (12) to get
〈ψ′λ(t
−u), t−u〉 = (t−)q+1f ′h(t
−) < 0.
Finally, by the definitions of ϕλ and fh, we deduce that
d
dt
ϕλ(t
−u) = (t−)q−1
(
fh(t
−)− λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz
)
= 0.
And since
f ′h(t) = (p− q)t
p−q−1‖u‖p − (p∗(a, b)− q)tp
∗(a,b)−q−1
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz,
for 0 < t < tmax we have f
′
h(t) > 0 and for t > tmax we have f
′
h(t) < 0. Hence, for t
− > tmax it
follows that
d2
dt2
ϕλ(t
−u) = 〈ψ′λ(t
−u), t−u〉
= (p− q)‖t−u‖p − (p∗(a, b)− q)
∫
RN
h|t−u|p
∗(a,b)
|y|bp∗(a,b)
dz = (t−)q+1f ′h(t) < 0.
This implies that ϕλ(t
−u) = supt>0 ϕλ(tu).
(2) If
∫
RN
g|u|q
|y|cp∗(a,c)
dz > 0, then using Hölder’s and Maz’ya’s inequalities, we deduce that
0 = fh(0) < λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz
< Λ1‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p‖u‖q
= ‖u‖q
(
p∗(a, b)− p
p∗(a, b)− q
)(
p− q
p∗(a, b)− q
1
‖h‖L∞K(N, p, µ, a, b)
p∗(a,b)
p
) p−q
p∗(a,b)−p
6 fh(tmax)
for every λ ∈ (0,Λ1), where we have used inequality (15) in the last passage. So, by the previous
inequality there exist numbers 0 < t+ < tmax < t
− such that
fh(t
+) = λ
∫
RN
g|u|q
|y|cp∗(a,c)
dz = fh(t
−) and f ′h(t
+) > 0 > f ′h(t
−);
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moreover, these numbers are unique. Computations similar to those in the proof of item (1)
show that t+u ∈ N+λ , and t
−u ∈ N−λ , as well as ϕλ(t
−u) > ϕλ(tu) > ϕλ(t
+u) for every
t ∈ [t+, t−] and also ϕλ(t+u) 6 ϕλ(tu) for every t ∈ [0, t+]. In this way,
ϕλ(t
+u) = inf
06t6tmax
ϕλ(tu) and ϕλ(t
−u) = sup
t>0
ϕλ(tu).
This completes the proof of the lemma. 
To close this section we state one more result which will be useful in the proof of the existence
of Palais-Smales sequences for the functional ϕλ at the levels d and d
−.
Lemma 2.7. If λ ∈ (0,Λ1), then for every u ∈ Nλ there exist ǫ > 0 and a differentiable
function ξ : Bǫ(0) ⊂ D
1,p
a (R
N\{|y| = 0}) → R+ with ξ(0) = 1 and such that ξ(v¯)(u − v¯) ∈ Nλ
and
〈ξ′(0), v〉 =


p
∫
RN
|∇u|p−2∇u∇v
|y|ap
dz − pµ
∫
RN
|u|p−2uv
|y|p(a+1)
dz
− p∗(a, b)
∫
RN
h|u|p
∗(a,b)−2uv
|y|bp∗(a,b)
dz − λq
∫
RN
g|u|q−2uv
|y|cp∗(a,c)
dz


(p− q)‖u‖p − (p∗(a, b)− q)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz
(16)
for every v ∈ D1,pa (R
N\{|y| = 0}). In particular, if u ∈ N−λ then ξ
−(v¯)(u− v¯) ∈ N−λ .
Proof. Given u ∈ Nλ, we define the function Fu : R×D1,pa (R
N\{|y| = 0})→ R by
Fu(ξ, w) ≡ 〈ϕ
′
λ(ξ(u− w), ξ(u− w)〉
= ξp‖u− w‖p − ξp
∗(a,b)
∫
RN
h|u− w|p
∗(a,b)
|y|bp∗(a,b)
dz − λξq
∫
RN
g|u− w|q
|y|cp∗(a,c)
dz.
Then Fu(1, 0) = 〈ϕ′λ(u), u〉 = 0 and by equations (6) and (12), as well as the fact that N
0
λ = ∅,
it follows that
d
dξ
Fu(1, 0) = (p− q)‖u‖
p − (p∗(a, b)− q)
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz 6= 0.
By the implicit function theorem there exist ǫ ∈ R+ and a differentiable function ξ : Bǫ(0) ⊂
D1,pa (R
N\{|y| = 0})→ R such that ξ(0) = 1 and Fu(ξ(v¯), v¯) = 0. This is equivalent to
〈ϕ′λ(ξ(v¯)(u− v¯)), ξ(v¯)(u− v¯)〉 = 0,
that is, ξ(v¯)(u− v¯) ∈ Nλ for every v¯ ∈ Bǫ(0) ⊂ D1,pa (R
N\{|y| = 0}). The proof of the last claim
of the lemma follows from this case with some minors modifications.
To conclude, the derivative of ξ at the origin applied to the function v ∈ D1,pa (R
N\{|y| = 0})
is given by
〈ξ′(0), v〉 = −
∂Fu(ξ(0), v)
∂w
(
∂Fu(ξ(0), v)
∂ξ
)−1
which implies (16). The lemma is proved. 
3. Proof of Theorem 1.1
In this section we prove Theorem 1.1 by showing that there exists a Palais-Smale sequence
at an appropriate negative level and also by showing that we can recover the compactness
condition to such sequences.
Proposition 3.1. (1) For every λ ∈ (0,Λ1) there exists a Palais-Smale sequence (un)n∈N ⊂ Nλ
for the functional ϕλ at the level d; that is, ϕλ(un) → d and ϕ′λ(un) → 0 in the dual space(
D1,pa (R
N\{|y| = 0})
)∗
as n→∞.
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(2) For every λ ∈ (0, (q/p)Λ1) there exists a Palais-Smale sequence (un)n∈N ⊂ N
−
λ for the
functional ϕλ at the level d
−; that is, ϕλ(un) → d− and ϕ′λ(un) → 0 in the dual space(
D1,pa (R
N\{|y| = 0})
)∗
as n→∞.
Proof. (1) By Lemma 2.1 we know that the functional ϕλ is coercive and bounded from below in
the Nehari manifold Nλ. By Ekeland’s variational principle there exists a minimizing sequence
(un)n∈N ⊂ Nλ such that
ϕλ(un) < d+
1
n
and ϕλ(un) < ϕλ(w) +
1
n
‖w − un‖ for every w ∈ Nλ.
Since d < 0, considering n ∈ N big enough we get
ϕλ(un) < d+
1
n
<
d
p
< 0.
Combining this inequality with equation (9), as well as with the definition of the functional
ϕλ and Hölder’s inequality, we obtain(
1
p
−
1
p∗(a, b)
)
‖un‖
p − λ
(
1
q
−
1
p∗(a, b)
)
‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p‖un‖
q <
d
p
< 0.
This implies that
‖un‖ <
((
1
q
−
1
p∗(a, b)
)
λ‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p
(
1
p
−
1
p∗(a, b)
)−1) 1p−q
(17)
and
0 < −
d
p
(
1
q
−
1
p∗(a, b)
)−1
< λ
∫
RN
g|un|q
|y|cp∗(a,c)
dz ≤ λ‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p‖un‖
q.
Consequently, un 6= 0 and
‖un‖ >
(
−
d
p
(
1
q
−
1
p∗(a, b)
)−1
1
λ‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p
) 1
q
. (18)
Now we show that ϕ′λ(un) → 0 in
(
D1,pa (R
N\{|y| = 0})
)∗
as n → ∞. To do this, we apply
Lemma 2.7 to the elements of the minimizing sequence (un)n∈N ⊂ Nλ. Hence, for every un ∈ Nλ
there exist ǫn > 0 and a differentiable function ξn : Bǫn(0)→ R such that ξn(w)(un −w) ∈ Nλ.
Now we consider 0 < ρ < ǫn. For u ∈ D
1,p
a (R
N\{|y| = 0}) such that u 6= 0, we define
wρ ≡ ρu/‖u‖ and also ηρ ≡ ξn(wρ)(un − wρ). By the definition of ξn(wρ) it follows that
ηρ ∈ Nλ, which implies that
〈ϕ′λ(ηρ), ηρ〉 = 〈ϕ
′
λ(ηρ), ξn(wρ)(un − wρ)〉 = 0. (19)
We also deduce from the properties of the minimizing sequence that ϕλ(ηρ) − ϕλ(un) >
−(1/n)‖ηρ − un‖. By the mean value theorem, we conclude that
〈ϕ′λ(un), ηρ − un〉+ o(‖ηρ − un‖) > −
1
n
‖ηρ − un‖.
From this, we get
〈ϕ′λ(un),−wρ〉+ (ξn(wρ)− 1)〈ϕ
′
λ(un), (un − wρ)〉 > −
1
n
‖ηρ − un‖+ o(‖ηρ − un‖). (20)
Multiplying both sides of equation (19) by the factor (ξn(wρ)− 1)/ξn(wρ) and adding termwise
with inequality (20), we obtain
〈ϕ′λ(un),−ρ
u
‖u‖
〉+ (ξn(wρ)− 1)〈ϕ
′
λ(un), un − wρ〉+
(ξn(wρ)− 1)
ξn(wρ)
〈ϕ′λ(ηρ), ξn(wρ)(un − wρ)〉
= −ρ〈ϕ′λ(un),
u
‖u‖
〉+ (ξn(wρ)− 1)〈ϕ
′
λ(un)− ϕ
′
λ(ηρ), un − wρ〉
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> −
1
n
‖ηρ − un‖+ o(‖ηρ − un‖).
Therefore, by the definition of wρ we get
〈ϕ′λ(un),
u
‖u‖
〉 6
(ξn(wρ)− 1)
ρ
〈ϕ′λ(un)− ϕ
′
λ(ηρ), un − wρ〉+
1
ρn
‖ηρ − un‖+
o(‖ηρ − un‖)
ρ
.
(21)
Following up, we have
‖ηρ − un‖ 6 ρξn(wρ) + (ξn(wρ)− 1)‖un‖,
as well as
lim
ρ→0
|ξn(wρ)− 1|
ρ
= lim
ρ→0
|ξn(wρ)− ξn(0)|
ρ
6 ‖ξ′n(0)‖.
Hereafter, let C stands for a positive constant that can change from one passage to another.
Keeping n ∈ N fixed, using inequalities (17) and (18), passing to the limit as ρ → 0 in
inequality (21), and noticing that limρ→0 ηρ = un, it follows that
〈ϕ′λ(un),
u
‖u‖
〉 6 lim
ρ→0


1
ρ
|ξn(wρ)− 1|〈ϕ′λ(un)− ϕ
′
λ(ηρ), un − wρ〉
+
ξn(wρ)
n
+
(ξn(wρ)− 1)
ρ
‖un‖
n
+
o(ρξn(wρ) + |ξn(wρ)− 1|‖un‖)
ρ


<
C
n
(1 + ‖ξ′n(0)‖) . (22)
Now we show that the sequence (‖ξ′n(u)‖)n∈N ⊂ R is uniformly bounded. By equation (16),
and using inequalities (17) and (18), together with Hölder’s and Maz’ya’s inequalities, we deduce
that
〈ξ′n(0), v〉 6
C‖v‖∣∣∣∣(p− q)‖un‖p − (p∗(a, b)− q)
∫
RN
h|un|p
∗(a,b)
|y|bp∗(a,b)
dz
∣∣∣∣
(23)
for some positive constant C > 0 which does not depend on n ∈ N.
Claim 1. For n ∈ N big enough the denominator of inequality (23) is bounded.
Proof of the claim. To prove this claim we argue by contradiction and we suppose that there
exists a subsequence (un)n∈N ∈ Nλ such that
(p− q)‖un‖
p − (p∗(a, b)− q)
∫
RN
h|un|p
∗(a,b)
|y|bp∗(a,b)
dz = o(1).
This relation, together with the fact that (un)n∈N ∈ Nλ, imply that
‖un‖
p = λ
p∗(a, b)− q
p∗(a, b)− p
∫
RN
g|un|q
|y|cp∗(a,c)
dz + o(1).
Additionaly, together with Hölder’s and Maz’ya’s inequalities and the previous relations, we
deduce that
‖un‖ >
(
p− q
p∗(a, b)− p
1
‖h‖L∞
K(N, p, µ, a, b)−
p∗(a,b)
p
) 1
p∗(a,b)−p
+ o(1).
and
‖un‖ 6
(
λ
p∗(a, b)− q
p∗(a, b)− p
‖g‖Lrα(RN )K(N, p, µ, a, c)
q
p
) 1
p−q
+ o(1).
Combining these last two inequalities, we get
λ > (p∗(a, b)− p)(p∗(a, b)− q)−
p∗(a,b)−q
p∗(a,b)−p (p− q)
p−q
p∗(a,b)−p‖h‖
− p−q
p∗(a,b)−p
L∞
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×K(N, p, µ, a, b)−
p∗(a,b)(p−q)
p(p∗(a,b)−p)‖g‖−1
Lrα(R
N )
K(N, p, µ, a, c)−
q
p = Λ1,
which is a contradiction. Hence, our claim follows. 
In this way, by inequality (23) we have 〈ξ′n(0), v〉 6 C‖v‖, that is, ‖ξ
′
n(0)‖ 6 C; and from
inequality (22) we deduce that 〈ϕ′λ(un), u/‖u‖〉 → 0 as n → ∞. Finally, ‖ϕ
′
λ(un)‖ → 0 in(
D1,pa (R
N\{|y| = 0})
)∗
as n→∞, which concludes the proof of item (1).
(2) The proof of this item is similar to that of item (1); one just have to use the last claim
of Lemma 2.7. 
Now we connect these auxiliary results to obtain a minimum for the functional ϕλ in N
+
λ .
Proposition 3.2. If λ ∈ (0,Λ1), then the functional ϕλ has a positive minimizer u1 ∈ N
+
λ such
that ϕλ(u1) = d = d
+ < 0 and the function u1 is solution to problem (1) in D1,pa (R
N\{|y| = 0}).
Proof. By Lemma 2.1 the functional ϕλ is coercive and bounded from below in the Nehari
manifold Nλ. We can suppose, up to a subsequence still denoted in the same way, that there
exists u1 ∈ D1,pa (R
N\{|y| = 0}) such that, as n→∞,
(1) un ⇀ u1 weakly in D1,pa (R
N\{|y| = 0});
(2) un ⇀ u1 weakly in L
p∗(a,b)
b (R
N\{|y| = 0});
(3) un ⇀ u1 weakly in L
q
c(R
N\{|y| = 0}), for every q such that 1 < q < p and a 6 c < a+ 1;
(4) un → u1 a. e. in R
N .
Hence, by Proposition 3.1 (1) and by the previous convergences it follows that u1 is a weak
solution to problem (1). Indeed, we have
lim
n→∞


∫
RN
|∇un|p−2∇un∇v
|y|ap
dz − µ
∫
RN
|un|p−2unv
|y|p(a+1)
dz
−
∫
RN
h|un|p
∗(a,b)−2unv
|y|bp∗(a,b)
dz − λ
∫
RN
g|un|q−2unv
|y|cp∗(a,c)
dz


=
∫
RN
|∇u1|p−2∇u1∇v
|y|ap
dz − µ
∫
RN
|u1|p−2u1v
|y|p(a+1)
dz
−
∫
RN
h|u1|p
∗(a,b)−2u1v
|y|bp∗(a,b)
dz − λ
∫
RN
g|u1|q−2u1v
|y|cp∗(a,c)
dz
for every v ∈ D1,pa (R
N\{|y| = 0}). Moreover, by Lemma 2.4 (1) we have ϕλ(u1) = d < 0 =
ϕλ(0), that is, u1 6= 0.
Now we show that un → u1 strongly in D1,pa (R
N\{|y| = 0}). We argue by contradiction and
we suppose that the inequality ‖u1‖ < lim infn→∞ ‖un‖ is valid. Hence, by equation (7) we
have
d 6 ϕλ(u1) < lim inf
n→∞
(
1
p
−
1
p∗(a, b)
)
‖un‖
p − λ
(
1
q
−
1
p∗(a, b)
)∫
RN
g|un|
q
|y|cp∗(a,c)
dz
= lim inf
n→∞
ϕλ(un) = d,
which is a contradiction. Therefore, un → u1 strongly in D
1,p
a (R
N\{|y| = 0}).
It remains to show that u1 ∈ N
+
λ and that this function is positive. Again we argue by
contradiction and we suppose that u1 /∈ N
+
λ . Knowing that N
0 = ∅, from Lemma 2.3, we
deduce that u1 ∈ N
−
λ . And since d < 0, by equation (7) we have
d = ϕλ(u1) =
(
1
p
−
1
p∗(a, b)
)
‖u1‖
p − λ
(
1
q
−
1
p∗(a, b)
)∫
RN
g|u1|q
|y|cp∗(a,c)
dz < 0;
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consequently,
∫
RN
g|u1|q
|y|cp∗(a,c)
dz > 0. Applying Lemma 2.6 (2), we deduce that there exist
numbers 0 < t+1 < tmax < t
−
1 such that t
+
1 u1 ∈ N
+
λ and t
−
1 u1 ∈ N
−
λ ; moreover,
ϕλ(t
+
1 u1) = inf
0<t6tmax
ϕλ(tu1) and ϕλ(t
−
1 u1) = sup
t>0
ϕλ(tu1).
In particular, t−1 u1 = u1, that is, t
−
1 = 1, because u1 ∈ N
−
λ and the numbers t
−
1 and t
+
1 are
unique. As we have already seen in the proof of Lemma 2.6 (2), we obtain the relations
d
dt
ϕλ(t
+
1 u1) = 0 and
d2
dt2
ϕλ(t
+
1 u1) > 0.
Hence, there exists t− ∈ R such that t+1 < t
− 6 t−1 = 1 and with ϕλ(t
+
1 u1) < ϕλ(t
−
1 u1). Again
by Lemma 2.6 (2) we deduce that
inf
06t<tmax
ϕλ(tu) = ϕλ(t
+
1 u1) < ϕλ(t
−u1) < ϕλ(t
−
1 u1) = sup
t>0
ϕλ(tu) = ϕλ(u1) = d,
which is a contradiction; therefore, u ∈ N+λ . To guarantee the positivity of the solution, it is
sufficient to note that ϕλ(u1) = ϕλ(|u1|) and that |u1| ∈ N
+
λ . This concludes the proof of the
proposition. 
Proof of Theorem 1.1. The result follows immediately from Proposition 3.2. 
4. Proof of Theorem 1.2
In this section we establish the existence of a second solution to problem (1). To do this, we
state some more auxiliary results.
Lemma 4.1. Suppose that hypotheses (g1) and (g2) are valid. Let (un)n∈N ∈ D1,pa (R
N\{|y| =
0}) be a Palais-Smale sequence for the functional ϕλ at some level d ∈ R and suppose that
un ⇀ u weakly in D1,pa (R
N\{|y| = 0}). Then ϕ′λ(u) = 0 and ϕλ(u) > −C0λ
p
p−q .
Proof. Since (un)n∈N ⊂ D1,pa (R
N\{|y| = 0}) is a Palais-Smale sequence and un ⇀ u as n→∞,
it follows that
0 = lim
n→∞
〈ϕ′λ(un), v〉 = lim
n→∞
(∫
RN
|∇un|
p−2∇un∇v
|y|ap
dz − µ
∫
RN
|un|
p−2unv
|y|p(a+1)
dz
−
∫
RN
h|un|p
∗(a,b)−2unv
|y|bp∗(a,b)
dz − λ
∫
RN
g|un|q−2unv
|y|cp∗(a,c)
dz
)
.
Consequently, 〈ϕ′λ(u), v〉 = 0 for every function v ∈ D
1,p
a (R
N\{|y| = 0}); hence, ϕ′λ(u) = 0. The
last claim of the lemma follows directly from inequality (10). The lemma is proved. 
The proof of the next result is partially inspired by Ghergu and Rădulescu [16]. Before we
state it, we define the number
d∗λ ≡
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p − C0λ
p
p−q .
Lemma 4.2. Suppose that the hypotheses (g1), (g2), (h1), and (h2) are valid. Let (un)n∈N ⊂
D1,pa (R
N\{|y| = 0}) be a Palais-Smale sequence for the functional ϕλ at the level d < d∗λ. Then
there exists a subsequence, still denoted in the same way, and there exists u ∈ D1,pa (R
N\{|y| =
0}) such that un → u strongly in D1,pa (R
N\{|y| = 0}) as n→∞.
Proof. Using a standard argument we can prove the boundedness of the sequence (un)n∈N ⊂
D1,pa (R
N\{|y| = 0}). By the reflexivity of this Sobolev space, we can suppose, up to a subse-
quence still denoted in the same way, that there exists a function u ∈ D1,pa (R
N\{|y| = 0}) such
that, as n→∞,
(1) un ⇀ u weakly in D1,pa (R
N\{|y| = 0});
14 ASSUNÇÃO, SANTOS, AND MIYAGAKI
(2) un ⇀ u weakly in L
p∗(a,b)
b (R
N\{|y| = 0});
(3) un ⇀ u weakly in L
q
c(R
N\{|y| = 0}), for 1 < q < p and a 6 c < a+ 1;
(4) un → u1 strongly in L
p∗(a,s)
s (RN\{|y| = 0}) for a < s ≤ a+ 1;
(5) un → u a. e. in RN .
Hence, the function u is a weak solution to problem (1) and the proof follows the same steps
already made in the proof of Proposition 3.2.
Now we must show that the sequence (un)n∈N converges strongly to the function u in the
Sobolev space D1,pa (R
N\{|y| = 0}). To do this, let (vn)n∈N ⊂ D1,pa (R
N\{|y| = 0}) be a sequence
defined by vn = un − u. By Brézis-Lieb’s lemma, we have
‖vn‖
p = ‖un‖
p − ‖u‖p + o(1).
Claim 2. It is valid the relation∫
RN
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz =
∫
RN
h|un|p
∗(a,b)
|y|bp∗(a,b)
dz −
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz + o(1).
Proof of the claim. Let ǫ > 0 be given. By hypotheses (h1) and (h2) we can choose numbers
Rǫ > rǫ > 0 such that∫
|y|<rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz < ǫ and
∫
|y|>Rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz < ǫ. (24)
Denoting Ωǫ = BRǫ(0)\Brǫ(0), it follows that∣∣∣∣
∫
RN
h(|un|p
∗(a,b) − |u|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣
6
∣∣∣∣
∫
Ωǫ
h(|un|p
∗(a,b) − |u|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣+
∫
Ωǫ
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz
+
∫
|y|<rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz +
∣∣∣∣
∫
|y|<rǫ
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣
+
∫
|y|>Rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz +
∣∣∣∣
∫
|y|>Rǫ
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣ .
Applying Lagrange’s mean value theorem, there exists θ = θ(z) ∈ [0, 1] such that∫
|y|<rǫ
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz = p∗(a, b)
∫
|y|<rǫ
h|θu+ vn|p
∗(a,b)−1|u|
|y|bp∗(a,b)
dz.
Using the first inequality in (24) together with inequality (x+y)s 6 C(xs+ys) for any x, y ∈ R+∗ ,
as well as Hölder’s inequality, we deduce that∫
|y|<rǫ
h|θu+ vn|p
∗(a,b)−1|u|
|y|bp∗(a,b)
dz
6 C
∫
|y|<rǫ
h(|u|p
∗(a,b) + |vn|
p∗(a,b)−1|u|)
|y|bp∗(a,b)
dz
= C
∫
|y|<rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz + C
∫
|y|<rǫ
h|vn|p
∗(a,b)−1|u|
|y|bp∗(a,b)
dz
6 Cǫ+ C
(∫
|y|<rǫ
h|vn|
p∗(a,b)
|y|bp∗(a,b)
dz
) p∗(a,b)−1
p∗(a,b)
(∫
|y|<rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz
) 1
p∗(a,b)
6 C(ǫ+ ǫ
1
p∗(a,b) ).
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Hence, ∫
|y|<rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz +
∣∣∣∣
∫
|y|<rǫ
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣ 6 p∗(a, b)C(ǫ+ ǫ 1p∗(a,b) )
for some constant C ∈ R+ independent of n ∈ N and of ǫ ∈ R+. In a similar way, we have∫
|y|>Rǫ
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz +
∣∣∣∣
∫
|y|>Rǫ
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣ 6 p∗(a, b)C(ǫ+ ǫ 1p∗(a,b) ).
Since un ⇀ u weakly in D1,pa (R
N\{|y| = 0}) as n→∞, the weak convergence in the Lebesgue
space L
p∗(a,b)
b (R
N\{|y| = 0}) imply
lim
n→∞
∫
Ωǫ
h(|un|p
∗(a,b) − |u|p
∗(a,b))
|y|bp∗(a,b)
dz = 0 and lim
n→∞
∫
Ωǫ
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz = 0.
Consequently, combining the two previous inequalities with the two previous limits, we obtain
lim sup
n→∞
∣∣∣∣
∫
RN
h(|un|p
∗(a,b) − |u|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz
∣∣∣∣ 6 (p∗(a, b)C + 1)(ǫ+ ǫ 1p∗(a,b) ),
for some constant C ∈ R+ independent of n ∈ N and of ǫ ∈ R+. Finally, since ǫ > 0 is arbitrary,
it follows that
lim
n→∞
∫
RN
h(|un|p
∗(a,b) − |vn|p
∗(a,b))
|y|bp∗(a,b)
dz =
∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz.
This concludes the proof of the claim. 
On the other hand, we also have the following result.
Claim 3. It is valid the limit
lim
n→∞
∫
RN
h(y)|vn|p
∗(a,b)
|y|bp∗(a,b)
dz = lim
n→∞
h0
∫
RN
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz.
Proof of the claim. Let ǫ > 0 be given. By hypotheses (h1) and (h2) we can choose numbers
Rǫ > rǫ > 0 such that
|h(y)− h0| = h(y)− h0 < ǫ a. e. in R
k\{BRǫ(0)\Brǫ(0)}.
Denoting Θǫ = R
N−k × {BRǫ(0)\Brǫ(0)}, we have∫
RN
(h(y)− h0)|vn|p
∗(a,b)
|y|bp∗(a,b)
dz 6 ǫ
∫
RN\Θǫ
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz + (‖h‖L∞ − h0)
∫
Θǫ
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz
6 ǫ
∫
RN
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz + (‖h‖L∞ − h0)
∫
Θǫ
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz.
Since vn ⇀ 0 weakly in D1,pa (R
N\{|y| = 0}) as n→∞, Maz’ya’s inequality implies that the
sequence (vn)n∈N ⊂ D1,pa (R
N\{|y| = 0}) is bounded in Lp
∗(a,b)
b (R
N\{|y| = 0}). Moreover, by
the weak convergence un ⇀ u in L
p∗(a,b)
b (R
N\{|y| = 0}) already proved, it follows that vn → 0
strongly in L
p∗(a,b)
b,loc (R
N\{|y| = 0}) as n→∞. The previous relations imply that∫
RN
(h(y)− h0)|vn|p
∗(a,b)
|y|bp∗(a,b)
dz 6 Cǫ
for some constant C ∈ R+ independent of n ∈ N and of ǫ ∈ R+. Since ǫ > 0 is arbitrary, the
claim follows. 
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Following up, since ϕλ(un) = d+ o(1), by Brézis-Lieb’s lemma and by Claim 2, we get
−
(
1
q
−
1
p
)
‖vn‖
p +
(
1
q
−
1
p∗(a, b)
)∫
RN
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz
= −
(
1
q
−
1
p
)
‖un‖
p +
(
1
q
−
1
p∗(a, b)
)∫
RN
h|un|p
∗(a,b)
|y|bp∗(a,b)
dz
+
(
1
q
−
1
p
)
‖u‖p −
(
1
q
−
1
p∗(a, b)
)∫
RN
h|u|p
∗(a,b)
|y|bp∗(a,b)
dz + o(1)
= ϕλ(un)− ϕλ(u) + o(1)
= d− ϕλ(u) + o(1). (25)
Again by Brézis-Lieb’s lemma, by Claim 2, as well as the facts that ϕ′λ(un) = o(1) and
lim
n→∞
∫
RN
g|un|q
|y|cp∗(a,c)
dz =
∫
RN
g|u|q
|y|cp∗(a,c)
dz, we deduce that
‖vn‖
p −
∫
RN
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz = 〈ϕ′λ(un), un〉 − 〈ϕ
′
λ(u), u〉+ o(1) = o(1).
By Claim 2 and by the fact that
∫
RN
h|y|−bp
∗(a,b)|un|
p∗(a,b) dz and
∫
RN
h|y|−bp
∗(a,b)|u|p
∗(a,b) dz
are bounded, it follows that
∫
RN
h|y|bp
∗(a,b)|vn|
p∗(a,b) dz is also bounded. Hence, by the previous
equation it follows that the sequence (‖vn‖)n∈N ⊂ R is bounded. Applying Claim 3 we can
suppose that, as n→∞,
‖vn‖
p → l and
∫
RN
h|vn|p
∗(a,b)
|y|bp∗(a,b)
dz = h0
∫
RN
|vn|p
∗(a,b)
|y|bp∗(a,b)
dz → l.
If l > 0, by Maz’ya’s inequality it follows that
l > K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−ph
− p
p∗(a,b)−p
0 ;
and by equation (25), by the definitions of d∗λ and l, by Lemma 4.1, and by the previous
inequality, it follows that d > d∗λ, which is a contradiction with the hypothesis d < d
∗
λ. Hence
l = 0, and this implies that ‖un − u‖p → 0, that is, un → u in D1,pa (R
N\{|y| = 0}) as n→∞;
besides, by equation (25) we get d = limn→∞ ϕλ(un) = ϕλ(u). 
Contrary to the analysis made by Hsu [20] and also by Hsu and Lin [24] for the case p = 2,
in the general situation 1 < p < N we do not have the explicit solutions for the optimal
constant (3). Therefore, we can not follow their steps to proceed the blow-up analysis. In
the next result, we follow closely the ideas by Cao, Li and Zhou [11] and by Bouchekif and El
Mokhtar [7].
Lemma 4.3. Suppose that the hypotheses (g1), (g2), (h1), and (h2) are valid. Then there exist
Λ∗ > 0 and v ∈ D1,pa (R
N\{|y| = 0}) such that for every λ ∈ (0,Λ∗) it is valid the inequality
sup
t>0
ϕλ(tv) < d
∗
λ.
In particular, d− < d∗λ for every λ ∈ (0,Λ∗).
Proof. Using a result by Bhakta [6], there exists a function w ∈ D1,pa (R
N\{|y| = 0}) that
assumes the infimum (3). Let (x, y), (x0, y0) ∈ RN−k×Rk; let the function wǫ ∈ D1,pa (R
N\{|y| =
0}) be defined by
wǫ(x, y) ≡ ǫ
−[N−p(a+1)]/p u (x0 + x/ǫ, y/ǫ) .
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The three integrals involved in the definition of the infimum (3) are invariant by the action of
this group of transformations; for that reason, the function wǫ also assumes the infimum (3).
Moreover, we can suppose without loss of generality that
‖wǫ‖
p = ‖wǫ‖
p∗(a,b)
L
p∗(a,b)
b
(RN )
= K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−p . (26)
Using hypothesis (g2) we consider the function ψǫ : R
N → R defined by
ψǫ(z) ≡
{
wǫ(z), if g(z) > 0 for all z ∈ R
N ;
wǫ(z − z0), if there exist z0, z1 ∈ RN such that g(z0) > 0 and g(z1) < 0.
Claim 4. There exists ǫ0 > 0 such that
λ
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz > 0 for every ǫ ∈ (0, ǫ0). (27)
Proof of the claim. If g(z) > 0 for every z ∈ RN , then by the definiton of ψǫ(z) the inequal-
ity (27) is valid independently of ǫ0. If there exist z0, z1 ∈ RN such that g(z0) > 0 and g(z1) < 0,
then by hypothesis (g2) there exist ν0 > 0 and r0 > 0 such that g(z) > ν0 for every z ∈ Br0(0).
By the above mentioned invariance properties of the integrals of wǫ involved in the definition
of the infimum (3), this function concentrates in the ball Brǫ(z0) for ǫ0 = ǫ0(r0) small enough.
And this implies that
λ
∫
RN
g|ωǫ(z − z0)|q
|y|cp∗(a,c)
dz = λ
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz > 0 for every ǫ ∈ (0, ǫ0),
which concludes the proof of the claim. 
Now we define the functions f1, f2 : R
+
∗ → R, respectively, by
f1(t) ≡ ϕλ(tψǫ) and f2(t) ≡
tp
p
‖ψǫ‖
p −
tp
∗(a,b)
p∗(a, b)
∫
RN
h|ψǫ|p
∗(a,b)
|y|bp∗(a,b)
dz.
Then, by hypothesis (h2) and since ψǫ assumes the infimum (3), it follows that
max
t>0
f2(t) =
(
1
p
−
1
p∗(a, b)
)(
‖ψǫ‖
p
(∫
RN
h|ψǫ|p
∗(a,b)
|y|bp∗(a,b)
dz
)− p
p∗(a,b)
) p∗(a,b)
p∗(a,b)−p
6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b
p∗(a,b)−p . (28)
Claim 5. There exists Λ2 > 0 such that for every λ ∈ (0,Λ2), it is valid the inequality
−λ
(
1
q
−
1
p∗(a, b)
)(
1−
q
p
)
K(N, p, µ, a, c)
q
p ‖g‖
p
p−q
Lrα(R
N )
6 d+ < 0.
Proof of the claim. By Lemma 2.4 (1), we have d+ < 0 for every λ ∈ (0,Λ1). By Proposition 3.2
there exists a solution u1 ∈ D1,pa (R
N\{|y| = 0}) to problem (1) such that ϕλ(u1) = d+. Using
equation (7) and also Hölder’s, Maz’ya’s and Young’s inequalities, we deduce that
d+ =
(
1
p
−
1
p∗(a, b)
)
‖u1‖
p − λ
(
1
q
−
1
p∗(a, b)
)∫
RN
g|u1|
q
|y|cp∗(a,c)
dz
>
[(
1
p
−
1
p∗(a, b)
)
− λ
(
1
q
−
1
p∗(a, b)
)
q
p
K(N, p, µ, a, c)
q
p
]
‖u1‖
p
− λ
(
1
q
−
1
p∗(a, b)
)(
1−
q
p
)
K(N, p, µ, a, c)
q
p‖g‖
p
p−q
Lrα(R
N )
.
Hence, there exists Λ2 > 0 such that the claim holds. 
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Applying Claim 5, there exists Λ2 > 0 such that for every λ ∈ (0,Λ2) it is valid the inequality(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p + d+
>
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p
− λ
(
1
q
−
1
p∗(a, b)
)(
1−
q
p
)
K(N, p, µ, a, c)
q
p ‖g‖
p
p−q
Lrα(R
N )
> 0
By the continuity of the function f1 and by inequalities (27) and (28), there exists a number
t0 > 0 small enough and, what is crucial to our analysis, independent of λ and of g, such that
sup
06t6t0
f1(t) 6 sup
t>0
f2(t)− sup
06t6t0
λ
q
tq
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz
6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p −
λ
q
tq0
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz. (29)
Now we are going to estimate supt>t0 f1(t). By hypothesis (h2) and using equation (26), we
deduce that
f1(t) 6
tp
p
‖ψǫ‖
p −
tp
∗(a,b)
p∗(a, b)
h0
∫
RN
|ψǫ|
p∗(a,b)
|y|bp∗(a,b)
dz − λ
tq
q
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz
=
tp
p
K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−p −
tp
∗(a,b)
p∗(a, b)
h0K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p − λ
tq0
q
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz.
Hence, for every ǫ ∈ (0, ǫ0), we have
sup
t>t0
f1(t) 6 sup
t>t0
(
tp
p
−
tp
∗(a,b)
p∗(a, b)
h0
)
K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−p − λ
tq0
q
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz
6 sup
t>0
(
tp
p
−
tp
∗(a,b)
p∗(a, b)
h0
)
K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−p − λ
tq0
q
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz.
To estimate this supremum, we define the function f3 : R
+
∗ → R by
f3(t) ≡
(
tp
p
−
tp
∗(a,b)
p∗(a, b)
h0
)
K(N, p, µ, a, b)−
p∗(a,b)
p∗(a,b)−p .
Hence, we deduce that
max
t>0
f3(t) =
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p .
Therefore,
sup
t>t0
f1(t) 6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p −
λ
q
tq0
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz.
Combining the previous inequality with inequality (29), we determine
sup
t>0
f1(t) 6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p −
λ
q
tq0
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz. (30)
Following up, let λ ∈ R be chosen so that
0 < λ <
(
tq0
qC0
sup
0<ǫ<ǫ0
∫
RN
g|ψǫ|
q
|y|cp∗(a,c)
dz
) p−q
q
≡ Λ3.
EXISTENCE AND MULTIPLICITY RESULTS FOR ELLIPTIC CRITICAL PROBLEMS 19
As a consequence of this choice, for every λ ∈ (0,Λ3) we have
−
λ
q
tq0 sup
0<ǫ<ǫ0
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz < −C0λ
p
p−q . (31)
Finally, we define
Λ∗ ≡ min {Λ1,Λ2,Λ3} .
Therefore, by inequalities (30) and (31), and by the definition of d∗λ, for every λ ∈ (0,Λ∗) we
obtain
sup
t>0
ϕλ(tψǫ) 6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p −
λ
q
tq0
∫
RN
g|ψǫ|q
|y|cp∗(a,c)
dz
6
(
1
p
−
1
p∗(a, b)
)
h
− p
p∗(a,b)−p
0 K(N, p, µ, a, b)
− p
∗(a,b)
p∗(a,b)−p − C0λ
p
p−q
= d∗λ.
It remains to prove that d− < d∗λ for every λ ∈ (0,Λ∗). By Claim 4, by Lemma 2.6 (2), by
the definition of d−, and using the previous inequality regarding d∗λ, we obtain the existence of
a sequence (tǫn)n∈N ⊂ R
+ such that tǫnωǫn ∈ N
−
λ and
d− 6 ϕλ(tǫnωǫn) 6 sup
t>0
ϕλ(tǫnωǫn) < d
∗
λ,
for every λ ∈ (0,Λ∗). This concludes the proof of the lemma. 
Now we establish the existence of a minimum for the functional ϕλ in N
−
λ .
Proposition 4.4. Let Λ0 ≡ min{(q/p)Λ1,Λ∗}. If λ ∈ (0,Λ0), then the functional ϕλ has
a positive minimizer u2 ∈ N
−
λ such that ϕλ(u2) = d
− and the function u2 is a solution to
problem (1) in D1,pa (R
N\{|y| = 0}).
Proof. By Proposition 3.1 (2), if λ ∈ (0, (q/p)Λ1), then there exists a Palais-Smale sequence
(un)n∈N ⊂ N
−
λ at the level d
− for the functional ϕλ. From Lemmas 4.2, 4.3 and 2.4 (2), for
every λ ∈ (0,Λ∗) the functional ϕλ verifies the Palais-Smale condition at the level d− > 0.
Hence, the sequence (un)n∈N is bounded in D1,pa (R
N\{|y| = 0}), and there exists a subsequence,
still denoted in the same way, and there exists a function u2 ∈ N
−
λ such that un → u2 strongly
in D1,pa (R
N\{|y| = 0}) as n → ∞ with ϕλ(u2) = d−. Finally, using the same arguments from
the proof of Proposition 3.2 and the facts that |u2| ∈ N
−
λ and ϕλ(u2) = ϕλ(|u2|), we deduce
that for every λ ∈ (0,Λ1) the function u2 is a positive solution to problem (1). 
Proof of Theorem 1.2. By Propositions 3.2 and 4.4, we obtain the positive solutions u1 and u2
to problem (1) such that u1 ∈ N
+
λ and u2 ∈ N
−
λ . And since N
+
λ ∩ N
−
λ = ∅, we conclude that
u1 and u2 are distinct solutions. 
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